The relationship between dust polarization and extinction was determined for the cold dense starless molecular cloud core FeSt 1-457 based on the background star polarimetry of dichroic extinction at near-infrared wavelengths. Owing to the known (three-dimensional) magnetic field structure, the observed polarizations from the core were corrected by considering (a) the subtraction of the ambient polarization component, (b) the depolarization effect of inclined distorted magnetic fields, and (c) the magnetic inclination angle of the core. After these corrections, a linear relationship between polarization and extinction was obtained for the core in the range up to A V ≈ 20 mag. The initial polarization vs. extinction diagram changed dramatically after the corrections of (a) to (c), with the correlation coefficient being refined from 0.71 to 0.79. These corrections should affect the theoretical interpretation of the observational data. The slope of the finally obtained polarization-extinction relationship is P H /E H−Ks = 11.00 ± 0.72 % mag −1 , which is close to the statistically estimated upper limit of the interstellar polarization efficiency (Jones 1989) . This consistency suggests that the upper limit of interstellar polarization efficiency might be determined by the observational viewing angle toward polarized astronomical objects.
Introduction
The relationship between dust dichroic polarization (P ) and extinction (A) in molecular clouds and cores is important for two perspectives. First, the linearity in the P -A relationship con-firms the interpretation of the observed interstellar polarization angle, which is closely related to the direction of magnetic fields pervading the line-of-sight region. Second, theories of the alignment of dust grains can be restricted or confirmed by comparing them with observed P -A relationships. Goodman et al. (1995) proposed that the polarizing power of dust grains decreases inside cold dense dark molecular clouds. The severe decrease of the efficiency of polarization per unit extinction can be attributed to the physical and chemical properties of dust grains inside the clouds. Subsequent observational studies at optical wavelengths, Arce et al. (1998) , revealed that there is a turnover in the P -A relationship of stars toward the Taurus molecular cloud at A V = 1.3 mag. The study suggests (1) stars that are background to the warm ISM show an increase in polarization with extinction, and (2) the polarization of stars that are background to cold dark clouds does not increase with extinction. On the other hand, many polarimetric observations, particularly at near-infrared (NIR) wavelengths, show relatively linear P -A relationships, with an observed polarization degree that increases with increasing dust extinction in the deep regions of a cloud interior, from massive star forming regions (e.g., NGC 2024: Kandori et al. 2007 ; M 42: Kusakabe et al. 2008 ) to low-mass star forming regions (e.g., Serpens cloud core: Sugitani et al. 2010 ). In studies of magnetic field strength as well as field geometry, the linearity of the P -A relationship is crucial, because observational interpretations of magnetic fields fail if the detected polarization does not reflect the grain alignment inside the cold dense regions of molecular clouds. Accurately determining the P -A relationship remains a problem for observational studies of dark clouds.
Determining the dust alignment mechanism in cold dense molecular clouds has been a longstanding problem in astrophysics (e.g., Davis 2008) reported a declining P -A relationship in the Taurus molecular cloud, and compared the observations with a simple radiative torque model using the data for background field stars and embedded young stars at NIR wavelengths. Their data sets, however, are dominated by dark cloud complexes and affected by the depolarization effects caused by different polarization angles toward the lines of sight and/or the distorted or complicated magnetic fields, which are difficult to correct for. Note that the situation is the same for the results of Arce et al. (1998) described above. It is thus important to determine the P -A relationship for isolated starless globules, with a simple shape and components as well as a simple magnetic field geometry associated with the core. The choice of such objects minimizes the systematic effects of observed polarizations and enables the determination of accurate P -A relationships in cold dense environments.
In the present study, an accurate P -A relationship is determined toward the dense dark cloud core FeSt 1-457. The core is cataloged as a member of the dark cloud complex, the Pipe Nebula (Lombardi et al. 2006 ). Owing to the core's relatively isolated geometry, simple shape, and rich stellar field lying behind the core, a density structure study based on the Bonnor-Ebert model (Bonnor 1956; Ebert 1955 ) was conducted by measuring dust extinction at NIR wavelengths (Kandori et al. 2005 ). The physical properties of the core are well determined, namely a radius of 18500 ± 1460 AU (144 ′′ ), mass of 3.55 ± 0.75 M ⊙ , and central density of 3.5(±0.99) × 10 5 cm −3 at a distance of 130 pc (Kandori et al. 2005 ). FeSt 1-457 was observed in NIR polarimetry and an "hourglass-shaped" distorted magnetic field structure associated with the core was revealed (Kandori et al. 2017a , hereafter Paper I). A three dimensional (3D) magnetic field structure has been reported (Kandori et al. 2017b , hereafter Paper II), and the value of the line-of-sight magnetic inclination angle and the curvature of the 3D field were determined.
The polarizations from the core consist of four components/effects: (1) polarizations solely associated with the core, (2) superposition of ambient polarizations in the same line-of-sight but unrelated to the core, (3) depolarization caused by the distorted magnetic fields of the core, and (4) the line-of-sight inclination angle of the magnetic axis of the core. The latter three effects are measured and corrected to determine an accurate P -A relationship for this well-defined starless core. Note that Alves et al. (2014 Alves et al. ( , 2015 reported the P -A relationship in the direction of FeSt 1-457 at NIR wavelengths. They determined the relationship without any corrections, and our result is consistent with their reports if we do not correct for effects (2) , (3), and (4).
Data and Methods
The NIR polarimetric data for determining the P -A relationship of FeSt 1-457 is taken from Paper I. Observations were conducted using the JHK s -simultaneous imaging camera SIRIUS (Nagayama et al. 2003 ) and its polarimetry mode SIRPOL (Kandori et al. 2006 ) on the IRSF 1.4-m telescope at the South African Astronomical Observatory (SAAO). SIRPOL can provide deep (18.6 mag in the H band, 5σ for one-hour exposure) and wide-field (7. ′ 7 × 7. ′ 7 with a scale of 0. ′′ 45 pixel −1 ) NIR polarimetric data. Figure 1 shows the polarization vectors of point sources toward FeSt 1-457, superimposed on the intensity image in the H band. The core appears as a dark obscuration at the center of the image and the radius of the core (144 ′′ ) determined by the density structure study (Kandori et al. 2005 ) is shown by a white circle.
The polarimetry data toward the core is the superposition of polarizations from both the core itself and the ambient medium which is unrelated to the core. The unrelated "off-core" polarization component was spatially fitted in Q/I and U/I in the H band using the stars located outside of the core radius (R > 144 ′′ ). The distributions of the Q/I and U/I values are modeled as f (x, y) = A + Bx + Cy, where x and y are the pixel coordinates, and A, B, and C are the parameters to be fitted.
The off-core regression vectors are subtracted from all the polarization vectors in order to construct the polarization vector map solely associated with the core. After subtracting unrelated polarization components, 185 stars located within the core radius were selected for determining the P -A relationship (Figure 2 ).
In Figure 2 , the magnetic field follows a distinct axisymmetric shape reminiscent of an hourglass. The white lines show the magnetic field direction inferred from the fitting with a parabolic function y = g + gCx 2 , where g specifies the magnetic field lines and C determines the degree of curvature in the parabolic function. The results represent the first observational evidence of hourglass-shaped magnetic fields in a starless core (Paper I).
Assuming axial symmetry of the hourglass-shaped field, the 3D magnetic field structure can be modeled (Paper II). The 3D version of the simple function employed in Paper I, z(r, ϕ, g) = g + gCr 2 in cylindrical coordinates (r, z, ϕ) is used to model the core magnetic fields, where ϕ is the azimuth angle (measured in the plane perpendicular to r). In the function, the shape of the magnetic field lines is axially symmetric around the r axis. The function z(r, ϕ, g) thus has no dependence on ϕ. The polarization vector maps of the 3D parabolic model are shown in Figure  3 The inclined distorted polarization fields in a model core produce a depolarization effect, particularly in the equatorial plane of the core. Since we virtually observe the model core with distorted magnetic fields from an inclined direction, the vectors located at the front and back sides of the core cross the polarization vector direction. In Figure 3 , the depolarization regions can be seen as dark patches (apparent in the panels for θ inc = 30 • and θ inc = 15 • ), where the polarization degree is low compared with neighboring regions. The depolarization effect as well as inclination in the magnetic axis modify the observed polarization vectors from their original The observed polarization is the superposition of the polarization from the core itself and ambient polarization which is unrelated to the core. A relatively linear P H vs. H − K s relationship is obtained after subtracting ambient polarization components, as shown in Figure 4 (b) (see also Figure 6 of Paper I). The method of the subtraction of ambient polarization components is described in Section 2 (see also Paper I). The shape of the P -A relationship changes, with disappearance of the kink and flattened feature in the region of H − K s > ∼ 0.9 mag. The gray plus symbols show ambient vectors (R > 144 ′′ and P/δP ≥ 10) after the subtraction analysis. The ambient vectors show no trend with suppression in polarization degrees. The subtraction analysis of ambient polarization thus seems successful. It is now clear that subtracting the background ambient polarization is crucial for a robust P -A relationship. The slope of the relationship is 4.75(±0.33) % mag −1 , which is similar to the average interstellar polarization slope (Jones 1989 ). Comparing the slopes in Figures 4(a) and 4(b) data, the P -A relationship gets steeper after the ambient subtraction. The shallow slope in Figure 4 (a) data seems to be due to the contamination effect of ambient and core vector components that have different polarization angles.
FeSt 1-457 is known to be accompanied by inclined distorted magnetic fields (Paper II), which causes depolarization effects inside the core. With a known 3D magnetic field structure, the depolarization correction factor can be calculated as shown in Figure 5 . In Figure 5 , severe depolarization regions around the equatorial plane clearly exist, resembling the model core simulation in Figure 3 (for the case of 45 • ). The depolarization correction factor was calculated by dividing the polarization degree distribution of the (best-fit) inclined distorted field model by that based on the inclined uniform field. Figure 4 (c) shows the depolarization corrected P -A relationship obtained by dividing the Figure 4 (b) relation by the depolarization correction factor shown in Figure 5 . In Figure 4 (c), the P -A relationship becomes steeper than that in Figure 4(b) , reflecting the correction. In the relationship, the relative location of the plot points moves slightly, because the depolarization correction factor is not spatially uniform. The slope of the relationship is 7.74(±0.51) % mag −1 . The correlation coefficient is 0.79, which is larger than those in Figures 4(a) and 4(b) , with relationships of 0.71 and 0.76, respectively. It can be seen that the corrections based on the depolarization factor as well as the subtraction of ambient polarization components improves the tightness of the P -A relationship.
Figure 4(d) shows the final correction, which is the relationship in Figure 4 (c) divided by sin(45 • ), the correction using the magnetic inclination angle. The slope of the relationship is 11.00(±0.72) % mag −1 . The value of the slope is close to the statistically estimated upper limit of the interstellar polarization efficiency of P H /E H−Ks ≈ 14 (Jones 1989 ). This consistency suggests that the upper limit of the interstellar polarization efficiency is determined by the observational viewing angle toward polarized astronomical objects, although it is possible that different dust properties in different clouds and/or different environments including various magnetic field strengths may play a role in determining of the upper limit of the interstellar polarization efficiency. Comparing Figures 4(a) and 4(d) , the change is dramatic. After applying all the relevant corrections, we obtained the final, accurate relationship between the polarization and dust extinction. The relationship is linear up to A V ≈ 20 mag.
Implications for the Study of Dust
Theories of the alignment of dust grains propose a decreasing polarization efficiency with increasing density or opacity (e.g., Lazarian et al. 1997 ). In contrast, our results show a clear linear P -A relationship, and there is no turnover in the relationship in the cold and dense region in the starless core. Whittet et al. (2008) conducted comparison studies between the radiative torque theory and NIR polarimetric observations of stars toward the Taurus dark cloud complex. In their calculations, under realistic parameters based on observations, the polarization efficiency starts to drop at several to 10 mag in A V . In contrast, for colder and denser conditions, FeSt 1-457 shows no drop in polarization efficiency. It may be difficult to explain the grain alignment in FeSt 1-457 using the radiative torque theory with general environment parameters and grain properties.
There are several mechanisms to increase the efficiency of radiative torque in cold dense starless cores. One is the strong interstellar radiation field (ISRF). Though FeSt 1-457 is in the Pipe Nebula dark cloud complex, it is geometrically possible for the core to be exposed toward the Galactic center and/or nearby bright stars, which can be a source of intense radiation field at NIR wavelengths. Note that the Pipe Nebula may be at the H II region shell swept by the nearby B-type star θ Ophiuchi ( Moreover, in an environment with large grains, the penetration depth of ambient ISRF toward a dense cloud interior can be deeper (e.g., Strafella et al. 2001 ), which will also increase the efficiency of the radiative torque mechanism. If a clumpy structure exists in the core, this will also increase the ISRF penetration depth. Theoretical studies for comparison with the observations of FeSt 1-457 are necessary to explain the linearity in the polarization vs. extinction relationship at NIR wavelengths.
Note that the change of grain size can affect both polarization and extinction as well as their wavelength dependence. Cho & Lazarian (2005) showed that the polarization vs. dust emission relationship changes depending on the size distribution of dust grains inside dense cloud based on the radiative torque theory. If large grains are abundant, the polarization degree toward dense interior of the core is enhanced due to high alignment efficiency of large grains. Since we obtained the linear relationship in P and A, the most simple interpretation is that the polarizing power of dust grains does not change in the range from the core boundary to the deepest probing depth in our observations. The "polarizing power" can be related to the strength of radiation field and the size of dust grains. It is possible that the effect of the decrease of radiation strength and (increase of) the abundance of large grains from the core boundary to the central region may be balanced to create observed linear P -A relationship. Further theoretical and observational studies are desirable for this topic.
Since the background starlight can get through the core material and show polarization, the local ISRF can also penetrate and contribute to the grain alignment to that depth. It is noteworthy that the probing depth of our polarization data is A V ≈ 20 mag that is less than the extinction toward the center of the core (A V ≈ 40 mag, Kandori et al. 2005) . It is thus possible that the polarization efficiency toward the densest center may decrease from the value of outer regions. To confirm this, NIR imaging polarimetry of extreme depth toward the center of FeSt 1-457 using large telescopes is needed.
In the present study, the relationship between the dust dichroic polarization and extinction was determined for the dense starless molecular cloud core FeSt 1-457. Observed polarizations from the core were corrected by considering (a) subtraction of the ambient polarization component, (b) the depolarization effect of inclined distorted magnetic fields in the core, and (c) the magnetic inclination angle of the core. A linear relationship was obtained for the core in the range up to A V ≈ 20 mag. Further studies for theoretical explanation of dust alignment in FeSt 1-457 are desirable. For observations, caution must be paid in treating polarimetry data. In our case, the original observational polarization vs. extinction diagram changed dramatically after the corrections applied. These corrections should affect the theoretical interpretation of observational data. Figure 1 . The white lines indicate the magnetic field direction inferred from the fitting with a parabolic function of y = g + gCx 2 , where g specifies the magnetic field lines and C determines the degree of curvature in the parabolic function. The scale of the 5% polarization degree is shown above the image. This figure is taken from Paper I. 
